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Reference Trajectory Reshaping Optimization
and Control of Robotic Exoskeletons for

Human–Robot Co-Manipulation
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Abstract—For human–robot co-manipulation by robotic
exoskeletons, the interaction forces provide a communication
channel through which the human and the robot can coor-
dinate their actions. In this article, an optimization approach
for reshaping the physical interactive trajectory is presented
in the co-manipulation tasks, which combines impedance con-
trol to enable the human to adjust both the desired and the
actual trajectories of the robot. Different from previous studies,
the proposed method significantly reshapes the desired trajec-
tory during physical human–robot interaction (pHRI) based on
force feedback, without requiring constant human guidance. The
proposed scheme first formulates a quadratically constrained pro-
gramming problem, which is then solved by neural dynamics
optimization to obtain a smooth and minimal-energy trajec-
tory similar to the natural human movement. Then, we propose
an adaptive neural-network controller based on the barrier
Lyapunov function (BLF), which enables the robot to handle
the uncertain dynamics and the joint space constraints directly.
To validate the proposed method, we perform experiments on
the exoskeleton robot with human operators for co-manipulation
tasks. The experimental results demonstrate that the proposed
controller could complete the co-manipulation tasks effectively.

Index Terms—Optimized trajectory, physical human–robot
interaction (pHRI), reference trajectory reshaping, robotic
exoskeleton.

I. INTRODUCTION

THE EXOSKELETON robots are being increasingly
used in medical care to assist physically disabled peo-

ple, deliver consistent and repeatable movement therapy,
and improve endurance and safety in rehabilitation [1]–[3].
Compared with the traditional rehabilitation methods, it has
been proven in [4]–[6] that exoskeleton robots are more
efficient and effective in dealing with repetitive movement.
Recently, an assist-as-needed (AAN) control has been stud-
ied for upper-limb robotics rehabilitation. In [7], a minimal
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AAN controller, which utilizes force estimation to indepen-
dently determine subject capability, had been proposed. In [8],
a novel AAN controller based on the optimal control frame-
work for physical human–robot interaction (pHRI) had been
developed. However, such an interaction between the operator
and the upper-limb exoskeleton would bring new challenges.
One of the most critical issues in robotic exoskeleton control
is how to make humans modulate the desired trajectory of
the robot so that the human could cooperate with the robot
actively. In co-manipulation, it is desirable that the robotic
exoskeleton provide natural and smooth movement that resem-
bles a human’s motion, rather than trajectories that are hard
for humans to follow.

When considering the human–robot co-manipulation tasks,
the methods based on classical impedance control [9] have
shown a few drawbacks, especially in the initial and the
end phases. As indicated in [10], the fixed damping param-
eter could result in inefficient co-manipulation. The robot
with low damping could be dangerous to the operator, as
the robotic system can become unstable and cause colli-
sions with human when operating inappropriately. On the
contrary, if the damping is set high, the robot could be
difficult to manipulate, thus restricting human movement.
In fact, it is difficult to solve this problem in the context
of pHRI since the human operator, acting as the environ-
ment, has variable stiffness. Therefore, variable impedance
control has been introduced, and several works have been
accomplished. In [11], the variable impedance control was
realized by choosing the virtual damping coefficient in
a certain range according to the end-effector’s velocity.
In [12]–[14], a method of online impedance coefficients adjust-
ment based on real-time estimation of human-arm stiffness
was also presented. In [15], the variable damping parame-
ters were studied and optimized by minimizing the selected
cost function. Recently, in [16] and [17], it was suggested
that the virtual impedance coefficient could be adjusted by
human intention to guarantee better pHRI. These meth-
ods contribute to developing natural, compliant, and safe
robotic behavior, and allow for effectively completing co-
manipulation tasks. However, impedance control can only
allow the human to adjust the actual trajectory of the robot,
rather than interacting with the desired trajectory of the robot,
which will lead to more human efforts to modulate the
robot’s behavior, or to produce less efficient human–robot
collaboration.
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Consequently, the extension of impedance control has been
developed to allow the robot to move along the desired
trajectory of the human [16], [18]. In these methods, the
human, as a master, guides the interaction and generates the
desired trajectory, while the robot acts as a follower to esti-
mate the human motion intentions. Since the robot is guided
by the human, it is unable to intervene meaningfully toward
achieving the goal or accomplishing the task, thus restrict-
ing the collaborations. Alternatively, a shared control method
for co-manipulation has been proposed, in which the human
and the robot can exchange the roles of master and fol-
lower autonomously [19]–[21]. Both the human and the robot
can make contributions to accomplishing the task, and the
autonomous level of the robot is adjusted according to human
efforts. Although the robot can now make a meaningful contri-
bution to the co-manipulation task, we observe that the human
still cannot directly change the robot’s desired trajectory dur-
ing pHRI. Therefore, this article is motivated to propose a
method by combining the benefits of the trajectory redesign
and shared control. In this method, haptic interactions act as a
bidirectional information exchange in which task-related mod-
ifications are physically transmitted to the robot, while the
force feedback of the robot notifies the human of the present
desired trajectory.

In this article, a framework of physical interactive
online trajectory reshaping optimization for human–robot co-
manipulation is proposed, which allows the human to interact
with the desired and the actual trajectories of the robot simul-
taneously. In the context of pHRI, the human operator can
not only constantly alter or reshape the future part of the
robot’s desired trajectory but also experiences the compli-
ance rendered by the impedance controller, as is illustrated
in Fig. 1. Since the human does not continue to guide the
robot, after a certain time interval, the reshaped trajectory can
return to the original desired trajectory, and so the robot can
also contribute to the completion of the collaborative task.
The proposed approach is designed for applications where the
robot’s behavior is coupled with a real or virtual environment
and can be modified by the human operator via physical inter-
actions. First, the human operator exerts the interactive force,
based on which optimal trajectory reshaping is explored to
find a smooth and optimized trajectory similar to the natural
human motion. Second, the robot’s motion control to realize
the comfortable and safe interaction with the human should
be designed, thereby facilitating the accomplishment of the
co-manipulation tasks.

To ensure the safety of the operator during pHRI, various
physical constraints exist in robotic systems, such as safety
specifications and physical limits [22], [23]. Indeed, the max-
imum range of the joint position of a robotic manipulator is
constrained by its physical configuration, which should be
carefully taken into account in control design. Many tech-
niques have been studied to deal with such a constraint in
various mechanical systems. In [24], a robust adaptive multi-
estimation scheme was designed for robot manipulators with
uncertainty. In [25], a method of reference speed governor
for tracking control under system nonlinearity and state con-
straints was presented. In [26], a barrier Lyapunov function

Fig. 1. Task model for robotic exoskeleton with pHRI.

(BLF) was applied to handle the constraints of the joint
position in robotic systems. In [27], the control design for out-
put constraints of single-input–single-output (SISO) nonlinear
systems was developed. In [28], a BLF was applied to solve
the time-varying constraints in nonlinear systems. In [29], a
new type of integral BLF controller was developed to solve the
state constraint existing in the nonlinear system. In the above-
mentioned results, it has been proved that BLF is a feasible and
reliable approach for controlling a robotic system with a joint
constraint. However, these works do not take into account the
state constraints of the system in the context of pHRI (e.g.,
reducing the potential motion conflicts between the human
operator and the robotic exoskeleton in the co-manipulation
tasks). Therefore, we propose an adaptive neural-network con-
troller based on BLF to improve tracking performance. A BLF
can be used to deal with certain physical constraints while
the adaptive neural network can be used in the estimation of
unknown parameters in the robotic system model.

In this article, an optimization approach for physical
interactive trajectory reshaping in co-manipulation tasks is
proposed, which is combined with an adaptive controller. First,
we derive accurate constraints to ensure that the proposed
controller is compatible with trajectory reshaping, and a
quadratically constrained programming problem is formulated,
which is solved via the neural dynamics optimization to
obtain a smooth and optimal shape similar to the natural
human movement. Second, an adaptive neural-network con-
troller based on BLF is designed, which enables the robot to
keep the tracking errors, satisfying the constraints and han-
dling the uncertain dynamics. To verify the proposed method,
we perform experiments where the co-manipulation task of
the human operator is to carry an object with the assistance
of the robot. Finally, we evaluate the online trajectory reshap-
ing optimization and control by carrying out the human–robot
experiments on a robotic exoskeleton. The results show that
the designed method can result in better performance with less
control effort from the human.

II. PROBLEM FORMULATION AND PREPARATION

Consider an upper exoskeleton robot with n joints (its
interaction model with human subjects is shown in Fig. 1)
according to the Euler–Lagrange dynamics

M(q)q̈ + C(q, q̇)q̇ + Mg(q) + Mv(q̇) + fdis = τ + τe(t) (1)

where q ∈ R
n represents the generalized coordinates of joint

position, τ ∈ R
n represents the joint torque vector (i.e., the
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control input), τe ∈ R
n represents the torque generated from

the interaction with the environment (or human), M(q) ∈ R
n×n

denotes the symmetric and positive-definite inertia matrix,
C(q, q̇) ∈ R

n×n denotes the Coriolis and centrifugal forces,
Mg(q) ∈ R

n denotes the gravitational components of the
human-exoskeleton couple, Mv(q̇) ∈ R

n is the viscous com-
plex between human and exoskeleton due to the damping in
the musculotendon, and fdis ∈ R

n represents the external dis-
turbances. The terms M(q), C(q, q̇), Mg(q), and Mv(q̇) include
various dynamic uncertainties.

Considering the position of the exoskeleton end-effector in
Cartesian space and its kinematics, the joint space can be
transformed into the task Cartesian space via x = �(q) and
ẋ = J(q)q̇, where �(·) ∈ R

n → R
m is a nonlinear transfor-

mation that describes the relationship between the Cartesian
space and the joint space, and J(q) is a Jacobian matrix from
the joint space to the Cartesian space. According to (1), let
x1 = [q1, q2, q3, . . . , qn]T , x2 = [q̇1, q̇2, q̇3, . . . , q̇n]T , where
x1 and x2 represent the actual trajectory and the actual velocity,
respectively. It is necessary to derive a controller that enables
the joint variable x1 to keep tracking the reference path xr,
even in the presence of the interaction force. Moveover, the
closed-loop states are required to be bounded and satisfy the
constraint that |x1,i(t)| < kci , i = 1, 2, . . . , n,∀t > 0.

Property 1 [30]: The matrix Ṁ(q) − 2C(q, q̇) is skew-
symmetric.

Property 2 [31]: The inverse of matrix M(q) exists, and
M−1(q) is positive definite and bounded, that is, ‖M−1(q)‖ <

αM−1 , where αM−1 is a positive constant.
Property 3: Since the exact dynamics model in (1) may

not be available beforehand, the unknown nonlinear function
in the uncertain MIMO system can be approximated by the
adoption of the Gaussian radial basis function neural network
(RBFNN). Consider a continuous function f (Z) : Rq −→ R,
which can be approximated by using the RBFNN as

fn(Z) = WTS(Z) (2)

where Z ∈ � ⊂ R
q denotes the input vector of the RBFNN,

and W = [w1, w2, . . . , wl]T ∈ R
l are the weight vectors of

the neural network. In (2), S(Z) = [S1(Z), S2(Z), . . . , Sl(Z)]T

denotes the basis function of the Gaussian RBFNN, which can
be defined as

Sj(Z) = exp

[
−(Z − σj

)T(
Z − σj

)
η2

j

]
, j = 1, 2, . . . , l (3)

where l is the number of nodes in the hidden layer of the
network, σj is the center, and ηj is the width of the neural
cell. Based on the definition of S(Z), it is known that S(Z)

can be upper bounded by a positive constant ζ , that is

‖S(Z)‖ ≤ ζ. (4)

If the node number l is large enough, any smooth continuous
function can be approximated to any degree in the following
form:

f (Z) = W∗TS(Z) + ε,∀Z ∈ �z (5)

where �z ⊂ R
q denotes a compact set; ε denotes the approx-

imation error of the RBFNN which has a positive unknown

upper bound εN , that is, |ε| ≤ εN ; and W∗ is an optimal weight,
which can be obtained by

W∗ = arg min
W∈Rl

{ sup
Z∈�z

|f (Z) − WTS(Z)|}. (6)

Lemma 1 [32]: Consider a continuous and positive-definite
Lyapunov function V(x) which satisfies φ1(‖x‖) ≤ V(x) ≤
φ2(‖x‖), such that V̇(x) ≤ −φV(x)+ε, where φ1, φ2 : Rn →
R are the functions, and φ and ε are the positive constants.
Then, the solution of the Lyapunov function x(t) is uniformly
bounded.

Lemma 2 [33]: For any given positive constant kd, let Z :=
{z1 ∈ R : − kd < z1 < kd} ⊂ R and N := R

l × Z ⊂ R
l+1 be

the open sets. Consider the following system:

ż = g(t, z)

where z := [z2, z1]T ⊂ N (z2 ∈ R
l) and g : R+ ×Z ⊂ N −→

R
l+1 are uniform in t, locally Lipschitz in z, and piecewise

continuous on R
+ ×N . Two functions U : Rl ×R

+ −→ R
+

and V1 : Z −→ R
+ are defined, which are positive definite

and continuously differentiable in their respective fields, and
then we have

V1(z1) −→ ∞ as |z1| −→ kd

δ1(‖z2‖) ≤ U(z2, t) ≤ δ2(‖z2‖)
where δ1 and δ2 are class K∞ functions. Define V(z) :=
V1(z1, t)+U(z2), and z1(0) ∈ Z ∈ (−kd, kd). z1(t) will remain
in the open set z1 ∈ (−kd, kd),∀t ∈ [0,+∞) if the inequality
satisfies

V̇ = ∂V

∂z
g ≤ −κV + Z

where κ and Z are the positive constants. As shown in Fig. 3,
z is bounded and z(t) ∈ Z,∀t ∈ [0,+∞).

III. TRAJECTORY RESHAPING OPTIMIZATION

In this section, the human–robot interaction is used to
reshape the robot’s desired trajectory and obtain an optimal
reference trajectory. We will explain how the reference trajec-
tory is deformed and optimized and how the corresponding
controller is designed to ensure the stability of the robotic
system with nonlinearities, uncertainties, and the changing
human–robot interactions. The control framework is shown
in Fig. 2.

A. Reference Trajectory Reshaping

The dynamics of the robot can be rewritten in the Cartesian
space as

Mx(x)ẍ + Cx(x, ẋ)ẋ + Gx(x, ẋ) + Fdis(t) = f + Fh (7)

where Mx = J−TM(q)J−1, Cx = J−T(−M(q)J−1J̇ +
C(q, q̇))J−1, Gx = J−T(Mg(q) + Mv(q̇)), Fdis = J−T fdis, f =
J−Tτ, and Fh = J−Tτe.

An impedance model with virtual force is considered as

M(ẍ − ẍd) + D(ẋ − ẋd) + K(x − xd) = Fh (8)

where x ∈ R
n denotes the position of the exoskeleton

end-effector; xd ∈ R
n denotes the desired position; M, D,
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Fig. 2. Block diagram of human–robot interaction scheme, including the
outer-loop decision and the inner-loop control.

and K represent the inertia, damping, and stiffness matrix,
respectively; and Fh denotes the interaction force. Using the
aforementioned model, the relationship between the external
force and the task error can be adjusted, and xd can also be
the initial desired trajectory. It is well known that the input of
the human not only influences the current state of the robot
via an impedance controller but also affects the future behav-
ior of the robot through trajectory reshaping. Specifically, the
desired trajectory is reinitialized to x∗

d, if pHRI does not occur,
that is, Fh = 0, xd(t) = x∗

d(t). Whenever there is a physi-
cal interaction between the human and the robot, the robot’s
desired trajectory is modified or “reshaped,” and using xd to
represent this deformation, while the time required to achieve
this co-manipulation task will not change during trajectory
reshaping. Since xd is continually modified with respect to fh
during the interactive process, it is referred to as physically
interactive trajectory reshaping.

For the segment of trajectory reshaping, let us define ti and
tf as the initial and end time, respectively; thus, �t = tf − ti
as the duration of the reshaped trajectory. We define x̃d as the
part of the desired trajectory within human interaction. Once
x̃d is determined, xd is then updated as xd(t) = x̃d(t) over the
interval t ∈ [ti, tf ]. After time tf , since the humans do not
continue to interact with the future trajectory, the robot then
tracks the original desired trajectory x∗

d. We assume that Xs
d(t)

is a family of trajectories which consists of numerous possible,
smooth trajectories deformation, and it can be re-expressed as

Xs
d = xd(t) + s�(t) ∀t ∈ [ti, tf

]
. (9)

Define X1
d = x̃d, that is, the curve Xd(s, t) for s = 1 as the

optimal trajectory reshaping. Then, we have x̃d(t) = xd(t) +
�(t), where � is a vector field along xd. In addition, it is
known that x̃d(t) = xd(t) and ˙̃xd(t) = ẋd(t) at the start time ti
and the end time tf of the reshaped trajectory.

In particular, we first consider an element in the vector xd ∈
R

n. Other n-1-dimensional elements can be extrapolated the
same way. Since the time duration of the part of xd during the
pHRI is tf − ti, the number of waypoints along xd and x̃d is
defined as N = [(tf − ti)/δ] + 1, where δ is the time interval

between consecutive waypoints. We can obtain that xd and x̃d

are the vectors of length N. In this article, we minimize the
energy of the trajectory to obtain the human’s intended desired
trajectory [36]

E(x̃d) = E(xd) + (x̃d − xd)
T
(
−F̂h

)
+ 1

2α
(x̃d − xd)

TR(x̃d − xd) (10)

where E(xd) is the energy of the undeformed trajectory, xd is
the segment of the desired trajectory, and x̃d is the reshaped
xd with the same dual representations. We suppose that the
future applied force will always be equal to the initial input
force

F̂h = �1fh(ti), F̂h ∈ R
N (11)

where �1 ∈ RN represents a vector of all ones, fh is the force
exerted by the human at initial time ti, and N denotes the
number of waypoints along xd or x̃d. According to [35], a
minimum-jerk model can represent the trajectory of human
motion accurately. Thus, to ensure that the obtained trajectory
reshaping is natural to the human, A is defined as a finite
difference matrix R = ATA, R ∈ R

N×N

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0
−3 1 0 0
3 −3 1 . . . 0

−1 3 −3 0
0 −1 3 0

...
. . .

...

0 0 0 1
0 0 0 − 3
0 0 0 . . . 3
0 0 0 − 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, A ∈ R
(N+3)×N . (12)

According to [36], the third term in (10) indicates the min-
imum energy associated with the natural trajectory of �, so
we have

x̃d(t) = xd(t) + �(t) ∀t ∈ [τi, τf
]

(13)

where �(t) is the deformation of the initial trajectory xd(t),
which is used to generate x̃d(t). The optimization of the energy
function needs to satisfy the constraint

B(x̃d − xd) = 0 (14)

where the matrix B ∈ R
4×N

B =

⎛
⎜⎜⎝

1 0 0 · · · 0 0 0
0 1 0 · · · 0 0 0
0 0 0 · · · 0 1 0
0 0 0 · · · 0 0 1

⎞
⎟⎟⎠. (15)

Intuitively, the constraint (14) ensures that the first two and last
two points of x̃d are the same as xd, that is, the four constraints
corresponding to the initial and final values of the reshaped
trajectory mentioned above. Combining (10) and (14), the
optimization problem is described as

minimize E(x̃d)

subject to B(x̃d − xd) = 0. (16)

Authorized licensed use limited to: University of Science & Technology of China. Downloaded on July 13,2020 at 08:21:41 UTC from IEEE Xplore.  Restrictions apply. 



3744 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 50, NO. 8, AUGUST 2020

The solution of (16) provides a “best” reshaped x̃d. As demon-
strated in [34], the optimization problem (16) can be handled
by the method of linear variational inequality-based primal–
dual neural network (LVI-PDNN). Therefore, the optimization
problem in (16) can be reformulated as

E(x̃d) = 1

2α
x̃T

d Rx̃d −
(

1

α
xT

d R + F̂T
h

)
x̃d

+ E(xd) + xT
d F̂h + 1

2α
xT

d Rxd. (17)

Since the last three terms on the right-hand side of (17) are
independent of x̃d, the optimization can be rewritten as

minimize
1

2α
x̃T

d Rx̃d −
(

1

α
xT

d R + F̂T
h

)
x̃d

subject to B(x̃d − xd) = 0. (18)

Since the large values of x̃d may cause potential mechanical
damage when the robotic exoskeleton is close to its limits,
physical limits of the robotic exoskeleton should be taken
into account. Therefore, the optimization problem of trajectory
reshaping can be finally rewritten in a quadratic form

minimize
1

2
x̃T

d Wx̃d + cT x̃d (19)

subject to Bx̃d = b (20)

ξ− ≤ x̃d ≤ ξ+ (21)

with W := R

α
, c := −

(
1

α
Rxd + F̂h

)
, b = Bxd

where x̃d ∈ R
N is the decision variable vector, W ∈ R

N×N

and B ∈ R
4×N are the coefficient matrix, and c ∈ R

N and
b ∈ R

4 are the coefficient vectors. The performance index (19)
is simplified as (16). The equality constraint (20) indicates
a linear relationship between xd and x̃d at the initial time.
The bound constraints ξ+ ∈ R

N and ξ− ∈ R
N in (21)

are used to ensure all positions within the mechanical lim-
its of the system. Moreover, it should be noted that almost
all parameters in (19)–(21) are state dependent and time vary-
ing, which demands a real-time solution of the energy-related
optimization.

B. Neural Dynamics Optimization

To improve the effectiveness of the QP (19)–(21) online
solution, the method of LVI-PDNN is used as the QP real-
time solver [34]. First, by the duality theory [40], the dual
problem of the primal QP problem (19)–(21) can be derived
by using the Lagrangian multiplier of each constraint as the
dual decision variable in (20) and (21). Moreover, elegant pro-
cessing of canceling the dual decision variable for the bound
constraint (21) can be used to simplify the QP solver. Then,
we define the augmented primal–dual decision variable v and
its bounds v±, respectively, as

v =
[

x̃d

ỹd

]
, v+ =

[
ξ+

�1v

]
, v− =

[
ξ−

−�1v

]
∈ R

n+m (22)

where 1v := [1, . . . , 1]T is a vector of ones with appropriate
dimensions, and � � 0 is large enough to replace +∞ for
the purpose of implementation. We define the convex set � as

� = {v ∈ R
N+m | v− ≤ v ≤ v+ ⊂ R

N+m}. The definitions of
the coefficients H and μ are as follows:

H =
[

W −B
B 0

]
∈ R

(N+m)×(N+m), μ =
[

c
−b

]
∈ R

N+m. (23)

Theorem 1 [38] (QP Duality): For the primal QP problem
described in (19)–(21), we can derive its dual QP
problem as

minimize − 1

2
x̃T

d Wx̃d + ỹT
d b + β−Tξ− − β+Tξ+

subject to Wx̃d + c − BTỹd − β− + β+ = 0

ỹd unrestricted, β− ≥ 0, β+ ≥ 0

where corresponding to the equality constraint (20) is the
dual decision vector ỹd ∈ R

m; corresponding to the left
part of the bound constraint (21) is the dual decision vec-
tor β− ∈ R

N , that is, ξ− ≤ x̃d ∈ R
N ; and corresponding to

the right part of the bound constraint (21) is β+ ∈ R
N , that is,

x̃d ≤ ξ+ ∈ R
N .

Theorem 2 [39] (QP-LVI Conversion): The QP
problem (19)–(21) can be transformed into the follow-
ing LVI problem, which aims to obtain a primal–dual
equilibrium vector v∗ ∈ � such that

(v − v∗)T(Hv∗ + μ) ≥ 0,∀v ∈ �. (24)

Note that the above-mentioned LVI inequality (24) can be
written in the form of the following piecewise-linear equations:

P�(v − (Hv + μ)) − v = 0 (25)

where P�(·) : Rn+m → � denotes a projection operator onto
�, where the ith element of P�(v) is

P�(v) =
⎧⎨
⎩

v−
i , if vi < v−

i
vi, if v−

i ≤ vi ≤ v+
i

v+
i , if vi > v+

i .

(26)

The following dynamics for the LVI-PDNN is adopted to deal
with the LVI (25) and QP (19)–(21) problem as:

v̇ = λ
(
I + HT)(P�(v − (Hv + μ)) − v) (27)

where λ is a positive constant for scaling the convergence rate
of the neural network.

Theorem 3 [39] (LVI-PDNN Convergence): Suppose there
exists an optimal solution v∗ to the QP problem (19)–(21).
The state vector v(t) of LVI-PDNN (27), beginning with any
initial state v(0), will converge to the equilibrium point v∗,
where the optimal solution x̃∗

d of the QP problem (19)–(21) is
composed of the first n elements. In addition, if there exits a
constant ρ satisfying ‖v − P�(v − (Hv + μ))‖2

2 ≥ ρ‖v − v∗‖2
2,

then the exponential convergence can be obtained by the LVI-
PDNN (27) with a convergence rate λρ.

Finally, it is worth comparing the computational complex-
ity of the above neural-network solver with the traditional
numerical algorithm, and the results are given in the following
remarks.

Remark 1: In general, quadratic programming can be
employed to solve (19). However, the minimum compu-
tational cost of a QP numerical algorithm is generally
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proportional to the dimension of the decision vector. For
the traditional quadratic programming methods, such as the
interior point algorithm, it is necessary to repeatedly cal-
culate the Hessian matrix of Lagrangian. Considering the
time-varying characteristics of the QP problem in (19) and
the online-solution requirements, the numerical algorithm
includes O(N4 + N + (N + m)N2 + (2N + m)3) opera-
tions, while the proposed PDNN method includes O(7(N +
m) + 2(N + m)2) operations. In contrast, the LVI-PDNN
method is more effective for online optimization of real-
time robot systems. To calculate the control increment x̃d

in (19), the computational time of the LVI-PDNN method
costs 0.018 s, while the computational time of the tradi-
tional solver is close to 0.3 s. Obviously, the LVI-PDNN
optimization method also greatly reduces the computational
cost.

Remark 2: Theoretically, the traditional dual neural
network for dealing with the QP problems has a high
computational cost because it requires inverse operation of
the matrix (which contains O(N3) operations). Moreover, per
iteration of the dual neural network requires 10N + 4m addi-
tions/subtractions, 5N(N+m) multiplications, an N+m limiter,
and N + m integrator operations, while the LVI-PDNN (27)
requires performing 5(N+m) additions/subtractions, 2(N+m)2

multiplications, an N + m limiter, and N + m integrator opera-
tions. In the experiment, when N is set to 11 and m is set to 4,
the structure and computational complexity of LVI-PDNNs
are significantly lower than those of dual neural-network
solvers.

IV. CONTROL DESIGN AND STABILITY ANALYSIS

According to (1), the dynamics of the robotic exoskeleton
can be converted into the state equations as

ẋ1 = x2 (28)

ẋ2 = M−1[τ + τe − fdis − G − Cx2
]

(29)

where G = Mg + Mv. Given that the discrete points of
the reference trajectory are obtained by the dynamics of the
LVI-PDNN algorithms in (27), it is necessary to give the
continuous trajectory online and combine the initial desired
trajectory to generate a complete reshaped trajectory. Thus,
the Bezier curve is utilized to generate a smooth reshaped
trajectory. According to [37], the radius of the curvature
changes steadily on the Bezier curve, resulting in a con-
tinuous reference trajectory x∗

d. Then, we can obtain the
desired joint angles q∗

r . The definitions of errors z1 and z2 are
given as

z1 = x1 − q∗
r (30)

z2 = x2 − α1 (31)

where α1 is the virtual control to z1.
Assumption 1: There exit positive constant vectors Y0 =

[y01, y01, . . . , y0m]T and A0 = [a01, a01, . . . , a0m]T , satisfying
Y0 ≤ A0 ≤ ka, so that the desired trajectory q∗

r satisfies −Y0 ≤
q∗

r ≤ Y0.

Fig. 3. BLF: −kd and kd are the left and right boundary lines of trajectory
errors to ensure the safety of manipulators.

Step 1: As shown in Fig. 3, consider a barrier Lyapunov
candidate function

V1 = k2
d

π
cot

(
π

2

(
1 − zT

1 z1

k2
d

))
(32)

where kd = ka − Y0. The time derivative of V1 is

V̇1 = csc2

(
π

2

(
1 − zT

1 z1

k2
d

))
zT

1 ż1 (33)

where

ż1 = ẋ1 − q̇∗
r = z2 + α1 − q̇∗

r . (34)

The virtual variable is designed as

α1 = q̇∗
r − A1 (35)

where A1 is defined as

A1 = sin2

(
π

2

(
1 − zT

1 z1

k2
d

))
K1z1 (36)

where K1 ∈ R
n×n and λmin(K1) > 0. Substituting (35)

into (34), we have ż1 = z2 − A1, then substituting it into (33),
the Lyapunov function is rewritten as

V̇1 = −zT
1 K1z1 + csc2

(
π

2

(
1 − zT

1 z1

k2
d

))
zT

1 z2. (37)

Step 2: The intermediate stability function τ ∗ should be
designed to bound the error z1 as small as possible. Then, the
augmented Lyapunov candidate function can be given as

V2 = V1 + 1

2
zT

2 Mz2. (38)

Its time derivative yields

V̇2 = V̇1 + zT
2 Mż2 + 1

2
zT

2 Ṁz2 (39)

where

ż2 = ẋ2 − α̇1

= M−1[τ + τe − fdis − G − Cx2
]− α̇1. (40)

Substituting (37) and (40) into (39) yields

V̇2 = −zT
1 K1z1 + csc2

(
π

2

(
1 − zT

1 z1

k2
d

))
zT

1 z2

+ zT
2 (τ + τe − fdis − G − Cα1 − Mα̇1). (41)
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Given that the parameters of the dynamics are known before-
hand, we design the control as

τ ∗ = − csc2

(
π

2
(1 − zT

1 z1

k2
d

)

)
z1 − K2z2

+ fdis + G + Cα1 + Mα̇1 − τe. (42)

Since the disturbance fdis and the exact model of G, C, and M
are not available, in addition, the external disturbance can be
estimated by including the high-order observer f̂ as

τ = − csc2

(
π

2

(
1 − zT

1 z1

k2
d

))
z1 − K2z2 + ŴT

DSD(ZD)α̇1

+ ŴT
CSC(ZC)α1 + ŴT

GSG(ZG) − Krsgn(z2) + f̂ − τe

(43)

where K2, Kr ∈ R
n×n and λmin(K2) > 0, λmin(Kr) > 0.

Specifically, the disturbance observer can be designed as{
f̂ = ẑ − Kdx2

˙̂z = −Kdẑ + Kd

(
ŴT

d Sd(Zd) + Kdx2

) (44)

where ZD = [xT
1 , xT

2 , αT
1 , α̇T

1 ], ZC = [xT
1 , xT

2 , αT
1 , α̇T

1 ], ZG =
[xT

1 , xT
2 , αT

1 , α̇T
1 ], Zd = [τT , xT

1 , xT
2 ], and KT

d = Kd > 0.
WD, WC, WG, and Wd are the physical parameters and the
updating laws of all NN terms are designed as

˙̂WDi = −�Di(SDiα̇1z2i + θDiŴDi)(i = 1, 2, . . . , m) (45)
˙̂WCi = −�Ci(SCiα1z2i + θCiŴCi)(i = 1, 2, . . . , m) (46)
˙̂WGi = −�Gi(SGiz2i + θGiŴGi)(i = 1, 2, . . . , m) (47)
˙̂Wdk = −�dk(KdSdkf̃i + θdkŴdk)(k = 1, 2, . . . , m) (48)

where �Di > 0;�Ci > 0;�Gi > 0;�dk > 0; and
θDi, θCi, θGi, and θdk are positive to improve the robustness.
ŴT

DSD(ZD), ŴT
CSC(ZC), and ŴT

GSG(ZG) are the approximation
of W∗T

D SD(ZD), W∗T
C SC(ZC), and W∗T

G SG(ZG), respectively,
and

W∗T
D SD(ZD) = M + εD (49)

W∗T
C SC(ZC) = C + εC (50)

W∗T
G SG(ZG) = G + εG. (51)

The approximation property of the neural network can also be
used to estimate the parameters of the disturbance observer

W∗T
d Sd(Zd) = M−1(τ + τe − Cx2 − G) − εd (52)

where W∗
D, W∗

C, W∗
G, and W∗

d are the optimal estimations, and
εD, εC, εG, and εd are the estimate errors of each NN term,
which satisfy maxZD∈�ZD

|εD| < ε∗
D, maxZC∈�ZC

|εC| < ε∗
C,

and maxZd∈�Z |εd| < ε∗
d , respectively [31].

Theorem 4: Considering the dynamics of the robotic
exoskeleton (28) and (29), combining the controller (43), the
disturbance observer (44), and the adaptive laws (45)–(48), the
control signals of the closed-loop system z1 z2, W̃D, W̃C, W̃G,
and W̃d are semiglobally bounded. In addition, the error
vectors z1, z2, W̃D, W̃C, W̃G, and W̃d will stay in the com-
pact sets �z1 ,�z2 ,�W̃D

,�W̃C
,�W̃G

, and �W̃d
, respectively,

defined as follows: �z1 = {z1 ∈ R
n| ‖z1i‖ ≤ √

D1},�z2 =

Fig. 4. Experimental interaction system model.

{z2 ∈ R
n| ‖z2i‖ ≤ √

[D1/(λmin(M))]},�W̃D
= {W̃D ∈

R
n| ‖W̃Di‖ ≤

√
[D1/(λmin(�

−1
D ))]},�W̃C

= {W̃C ∈
R

n| ‖W̃Ci‖ ≤
√

[D1/(λmin(�
−1
C ))]},�W̃G

= {W̃G ∈
R

n| ‖W̃Gi‖ ≤
√

[D1/(λmin(�
−1
G ))]},�W̃d

= {W̃d ∈
R

n| ‖W̃dk‖ ≤
√

[D1/(λmin(�
−1
d ))]}, where D1 = 2(V3(0) +

(Z/κ)) with positive definite κ and Z given in (63) and (64).
As shown in [41], there is a nonempty initial compact set �i.
As long as the initial states W̃i(0), i = D, C, G, d start with a
given compact set �i0, the states W̃i will never escape the con-
servative compact set �i, belonging to the selected compact
set �W̃i

, that is, satisfying �i0 ⊂ �i ⊂ �W̃i
.

Theorem 5: Considering the robot system described in (1),
under Lemma 2, for initial conditions satisfying z1(0) ∈ �0 :=
z1 ∈ R

2 : − kd < z1 < kd, the control law (43) and adaptation
law (45)–(48) are adopted. Then, all states of the robot system
are semiglobally uniformly bounded, that is, x1(t) −→ q∗

r (t)
as t −→ ∞. Therefore, the multiple output constraints are all
satisfied.

The proof is shown in the Appendix, and the overall control
framework for the co-manipulation task is shown in Fig. 2.

V. EXPERIMENTAL EVALUATION

A. Experimental Setup

In order to verify the proposed trajectory reshaping and con-
trol schemes, the experiments are conducted on the developed
dual-arm exoskeleton robot (Fig. 4). Each arm has six DOFs,
including two wrist joints, an elbow joint, a shoulder rota-
tion joint, and two shoulder abduction/adduction joints, and
its kinematical chain resembles the human’s upper limb.
These experiments demonstrate how the desired trajectory
xd is adapted with respect to the force fh applied by the
operator. Two motors of the robotic exoskeleton system are
equipped as actuators according to the needed torque and
the external force in experiments. The motor driver is cho-
sen as Elmo SOL-WHI5/60E01 and the maximum baud rate
of CAN bus is 1 Mb/s. In the experiments, the shoulder
and elbow joints of the right arm are utilized to assist the
subject, and the force sensor installed on the end of the
robotic exoskeleton is utilized to measure the interaction force
exerted by the subject. Since the measured forces include
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Fig. 5. Experimental results of subject 1. (a) Tracking trajectory of the
shoulder joint. (b) Tracking trajectory of the elbow joint. (c) Trajectory error.
(d) Interaction force with human fh. (e) High-order disturbance observer f̂ .
(f) Torque trajectory.

Fx and Fy, the subject and the robot cooperate to com-
plete the specified task in the x–y plane, as illustrated in
Fig. 4.

The experiment requires the subject to wear the upper-limb
exoskeleton to track a reference trajectory. If the subject does
not exert interaction force, the robot drives the subject’s limb
to follow the predetermined desired trajectory, while in the
case of the subject exerting force, the robot needs to follow
the human intention trajectory, that is, the reshaped trajec-
tory. According to the developed approach, the experiment
mainly involves two partitions, including the utilization of the
LVI-PDNN to realize the online optimal reshaping of the tra-
jectory and an adaptive control based on BLF to fulfill tracking
of the reconstructed trajectory. To fully validate the feasi-
bility of the proposed strategy, three subjects are involved
in the experiment, as shown in Table I. During the exper-
iment, the subject holds the end-effector, and exerts forces
in a timely manner to produce the reshaped reference trajec-
tory. For the experiment employed, the subjects have provided
the corresponding informed consent, with the approval of the
university.

In all experiments, the control gains in (43) are listed
in Table II, where λ is designed for scaling the conver-
gence rate of the neural network, kd is chosen to ensure
the safety range, K2 determines the impedance coefficient,
and Kr ensures the robustness of the system. The inputs of
each neural network are chosen as ZD = [qT , q̇T , zT

1 ]T , ZC =

Fig. 6. Experimental results of subject 2. (a) Tracking trajectory of the
shoulder joint. (b) Tracking trajectory of the elbow joint. (c) Trajectory error.
(d) Interaction force with human fh. (e) High-order disturbance observer f̂ .
(f) Torque trajectory.

TABLE I
INFORMATION OF THE SUBJECTS

TABLE II
CONTROL PARAMETERS SETTING

[qT , q̇T , q̈T , zT
1 ]T , ZG = [qT , q̇T , zT

1 ]T , and Zd = [qT , q̇T , τT ]T .
Since the current of the motor is measurable and proportional
to its torque, the input current is used as the control signal to
track the desired current.

B. Experimental Results

In order to verify the stability, feasibility, and applicabil-
ity of the proposed method, we have performed two groups
of experiments, involving two different initial desired trajec-
tories. The experimental results of three subjects in the first
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Fig. 7. Experimental results of subject 3. (a) Tracking trajectory of the
shoulder joint. (b) Tracking trajectory of the elbow joint. (c) Trajectory error.
(d) Interaction force with human fh. (e) High-order disturbance observer f̂ .
(f) Torque trajectory.

Fig. 8. Neural-network weights. (a) Subject 1. (b) Subject 2. (c) Subject
3. (d) Weights of the neural network in the disturbance observer for three
subjects.

initial trajectory are shown in Figs. 5–7, where Figs. 5(a) and
(b), 6(a) and (b), and 7(a) and (b) demonstrate the trajec-
tory reshaping and tracking of the shoulder joint (q1) and the
elbow joint (q2) of three subjects, respectively. Figs. 5(c), 6(c),
and 7(c) show the convergence and the boundedness of track-
ing errors during the experiment; Figs. 5(d), 6(d), and 7(d)

Fig. 9. Experimental results of three subjects under another desired trajectory.
(a), (c), and (e) are the shoulder joint’s tracking trajectories of three subjects,
respectively. (b), (d), and (f) are the elbow joint’s tracking trajectories of three
subjects, respectively.

Fig. 10. Experimental results of the subject with the system in higher
frequency operation. (a) Tracking trajectory of the shoulder joint. (b) Tracking
trajectory of the elbow joint. (c) Trajectory error. (d) Torque trajectory.

show the interaction forces collected by the force sensor;
and the estimation of the high-order disturbance observer is
shown in Figs. 5(e), 6(e), and 7(e). The weights of each
neural network are updated in Fig. 8. Then, the experimen-
tal results of three subjects under another initial trajectory
are given in Fig. 9. From the experimental results, we can
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know that the subject can exert forces on the robot freely,
and the robot can produce an optimal and smooth trajectory
deformation. When the interaction force disappears, the robot
goes back to the desired trajectory, which realizes the shared
control between the desired trajectory of the robot and the
motion intention of the human. It will contribute to the real-
ization of interactive control between the human and robot in
the future. Furthermore, based on the adaptive neural-network
control schemes presented in this article, the conflicts between
the subject and the robotic exoskeleton gradually decreased
with the adaption of the disturbance observer. The reduction
of the interaction conflicts demonstrates that the robot exhibits
compliance to the human behavior in the co-manipulation task.

Similarly, the applicability of the proposed method in the
presence of potential fast motion is also verified by exper-
iments, and the experimental results are shown in Fig. 10,
which demonstrate the stability of the system in high-
frequency operation, despite a slight increase of the tracking
error compared with the low-frequency operation.

VI. CONCLUSION

In this article, a novel pHRI control design method
is proposed, which enables human operators to modify
the robot’s actual and desired trajectories during the co-
manipulation tasks. The developed approach enables human
operators to complete collaborative tasks with the robot via
physical interactions. Since the reshaped trajectory returns
smoothly to the original predetermined desired trajectory
without human–robot interaction, the robot can either work
autonomously or coordinates with human operators for col-
laborative tasks. Finally, the experiments are performed on the
exoskeleton robot to verify the performance of the developed
online trajectory reshaping optimization and control. Future
research will consider more interaction tasks to explore the
novel methods about estimating human intentions and improv-
ing pHRI strategies.

APPENDIX

PROOF OF THEOREM 4

Reconsidering the Lyapunov function V2 and substituting
the control (43) into (41), we have

V̇2 = −zT
1 K1z1 − zT

2 K2z2 − zT
2 Krsgn(z2) − zT

2 fdis + zT
2 f̂

+zT
2 (W̃T

DSDα̇1 + W̃T
CSCα1 + W̃T

GSG) + zT
2 ε (53)

where ε = εDα̇1 + εCα1 + εG. Given W̃D = ŴD − W∗
D, W̃C =

ŴC − W∗
C, W̃G = ŴG − W∗

G, and W̃d = Ŵd − W∗
d , in consider-

ation of the influence of W̃D, W̃C, W̃G, and W̃d on the stability
of the control system.

Step 3: The control input τ is designed to bound the
errors W̃D, W̃C, W̃G, W̃d, and f̃ as small as possible. Then, the
augmented Lyapunov candidate function can be designed as
follows:

V3 = V2 + 1

2

m∑
i=1

W̃T
Di�

−1
Di W̃Di + 1

2

m∑
i=1

W̃T
Ci�

−1
Ci W̃Ci

+ 1

2

m∑
i=1

W̃T
Gi�

−1
Gi W̃Gi + 1

2

m∑
k=1

W̃T
dk�

−1
dk W̃dk + 1

2
f̃ T f̃ . (54)

Take the time derivative of V3 and substitute (53) into it

V̇3 = V̇2 + f̃ T ˙̃f +
m∑

i=1

W̃T
Di�

−1
Di

˙̃WDi +
m∑

i=1

W̃T
Ci�

−1
Ci

˙̃WCi

+
m∑

i=1

W̃T
Gi�

−1
Gi

˙̃WGi +
m∑

k=1

W̃T
dk�

−1
dk

˙̃Wdk (55)

where the updating laws are given in (45)–(47), and

zT
2 W̃T

DSDα̇1 =
m∑

i=1

W̃T
DiSDiα̇1z2i (56)

zT
2 W̃T

CSCα1 =
m∑

i=1

W̃T
CiSCiα1z2i (57)

zT
2 W̃T

GSG =
m∑

i=1

W̃T
GiSGiz2i. (58)

Defining the error of the disturbance observer (44) as f̃ =
f̂ − fdis, yields

˙̃f = ˙̂f − ḟdis

= −Kdf̃ − Kafdis + KdW̃T
d Sd(Zd) + Kdεd − ḟdis (59)

where Ka = Kd(I −M−1). Substituting the updating laws (48)
and the disturbance observer error (59) into (55), yields

V̇3 = −zT
1 K1z1 − zT

2 K2z2 − f̃ TKdf̃ − zT
2 Krsgn(z2)

+zT
2 ε + zT

2 f̃ − f̃ TKafdis + f̃ TKdεd − f̃ T ḟdis

−
m∑

i=1

θDiW̃
T
DiŴDi −

m∑
i=1

θCiW̃
T
CiŴCi

−
m∑

i=1

θGiW̃
T
GiŴGi −

m∑
k=1

θdkWT
dkŴdk. (60)

Since −W̃TŴ = −W̃T(W∗ + W̃) = −W̃TW̃ − W̃TW∗ and
−W̃TW∗ ≤ (1/2)(W̃TW̃ + W∗TW∗), we have −W̃TŴ ≤
−(1/2)W̃TW̃+(1/2)W∗TW∗. For stability, the control term Kr

is usually selected to be properly large, which can be changed
into

Kr = ε∗
Dα̇1 + ε∗

Cα1 + ε∗
G. (61)

Then, we can obtain −zT
2 Krsgn(z2) + zT

2 ε < 0. The chosen
gain has several advantages: 1) the values of terms ε∗

D, ε∗
C,

and ε∗
G only need to be large enough to compensate for the

approximation NN errors εD, εC, and εG, respectively, and 2) it
is a function of α̇1 and α1, which decreases with the decrease
of α̇1 and α1. We have zT

2 f̃ ≤ (1/2)zT
2 z2 + (1/2)f̃ T f̃ , f̃ T ḟdis ≤

(1/2)f̃ T f̃ + (1/2)||f ∗||2,−f̃ TKafdis ≤ (1/2)f̃ T f̃ +
(1/2)||Ka||2||f ∗

M||2, f̃ TKdεd ≤ (1/2)f̃ T f̃ + (1/2)||Kd||2||ε∗
d ||2,

then substituting these inequalities into (60), yields

V̇3 ≤ −zT
1 K1z1 − zT

2 (K2 − 0.5I)z2 − f̃ T(Kd − 2I)f̃

− 1

2

(
m∑

i=1

θDiW̃
T
DiW̃Di +

m∑
i=1

θCiW̃
T
CiW̃Ci

+
m∑

i=1

θGiW̃
T
GiW̃Gi +

m∑
k=1

θdkW̃T
dkW̃dk

)
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+ 1

2

(
m∑

i=1

θDiW
∗T
Di W∗

Di +
m∑

i=1

θCiW
∗T
Ci W∗

Ci

+
m∑

i=1

θGiW
∗T
Gi W∗

Gi +
m∑

k=1

θdkW∗T
dk W∗

dk

)

+ 1

2

(
‖f ∗‖2 + ‖Ka‖2‖f ∗

M‖2 + ‖Kd‖2‖ε∗
d‖2

)
≤ −κV3 + Z (62)

where

κ = min

(
2λmin(K1), 2λmin(Kd − 2I),

2λmin(K2 − 0.5I)

λmax(M)

min
i=1,2,...,m

{
θDi

λmax(�
−1
Di )

}
, min

i=1,2,...,m

{
θCi

λmax(�
−1
Ci )

}

min
k=1,2,...,m

{
θGi

λmax(�
−1
Gi )

}
, min

k=1,2,...,m

{
θdk

λmax(�
−1
dk )

})

(63)

Z = 1

2

(
m∑

i=1

θDiW
∗T
Di W∗

Di +
m∑

i=1

θCiW
∗T
Ci W∗

Ci

+
m∑

i=1

θGiW
∗T
Gi W∗

Gi +
m∑

k=1

θdkW∗T
dk W∗

dk

)

+ 1

2

(
‖f ∗‖2 + ‖Ka‖2‖f ∗

M‖2 + ‖Kd‖2‖ε∗
d‖2

)
. (64)

To guarantee κ > 0, the design parameters θDi > 0, θCi >

0, θGi > 0, θdk > 0, and the control parameters satisfy the fol-
lowing criteria: K1 = KT

1 > 0 Kd − 2In×n = (Kd − 2In×n)
T >

0, K2 − 0.5In×n = (K2 − 0.5In×n)
T > 0. To prove that

the signals z1, z2, W̃Di, W̃Ci, W̃Gi, and W̃dk are semiglobally
uniformly bounded, we multiply (62) by eκt, then

d

dt
V3eκt ≤ Zeκt. (65)

Integrating (62) over [0, t], yields

V̇3 ≤ (V3(0) − Z

κ
)e−κt + Z

κ
≤ V3(0) + Z

κ
(66)

which implies V3(t) is bounded according to Lemma 1.
From (54) and (66), we can obtain (1/2)

∑n
i=1 z2

1i ≤ V3(t)
and (1/2)

∑n
i=1 λmin(M)z2

2i ≤ V3(t), so that the error signal
z1i, i = 1, . . . , n,∀t ≥ 0 can be uniformly bounded as

1

2
‖z1‖2 ≤ V3(0) + Z

κ
(67)

1

2
‖z2‖2 ≤ V3(0) + Z

κ

λmin(M)
(68)

and they are ultimately bounded as ‖z1i‖ ≤ √
D1 and ‖z2i‖ ≤√

[D1/λmin(M)], where D1 has been defined in Theorem 4.
According to Lemma 1, the boundedness of V3(t) guarantees
system stability. Letting V3(0) + (Z/κ) � b ∈ R

+, then we
have V3(t) ≤ b,∀t ≤ 0. From the definition of BLF V3(x) −→
∞ as |z1(t)| → kd and Lemma 2, it can be seen that the track-
ing error z1(t) is kept in the set z1 ∈ (−kd, kd),∀t ∈ [0,+∞),
provided that z1(0) ∈ (−kd, kd). According to Assumption 1,
since x1(t) = z1(t)+q∗

r ,−Y0 ≤ q∗
r ≤ Y0, and ka = kd +Y0, the

output constraint is satisfied, that is, |x1| ≤ ka,∀t ≥ 0. Hence,
the constrained region on the joint space vector is ensured.
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